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Abstract-we review some of the recent work on optimal maintenance of devices subject to wear 
of the cumulative renewal process type. The optimal&y considered using the total discounted cost 
over the infinite horizon, and the long-run average cost criterion. @ 2003 Elsevier Ltd. All rights 
reserved. 
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1. INTRODUCTION AND BASIC NOTATION 
Assume that a device is subject to shocks, shocks cause damage, and damage accumulates addi- 
tively. The device has a certain threshold Y, and it fails once the damage exceeds the threshold. 
Let H denote the distribution function of Y, and let fl be the right-tail probability of Y. The 
failure time is denoted by C. The unit is replaced at failure (corrective maintenance), or when 
the damage exceeds a prespecified level z (preventive maintenance), whichever comes first. Re- 
placements are done with devices identical to the one that started the process. The cost of each 
corrective maintenance is c, while the cost of each preventive maintenance, when the damage 
level is 2, is g(s), where g is increasing in its argument. Throughout, we let g*(z) = c - g(z), 
and for any numbers x and y, we let x min y be denoted by x A y, and we write x “E y, if x 
and y have the same sign. For Ic = 1,2,. . . , we let Th be the time between the Ic - 1 st and k th 
shock, with mean of (l/X). The times of successive shocks are assumed to be a renewal process. 
The amount of damage due to the lo th shock is denoted by Dk, k = 1,2, . . . , with distribution 
function G, and right-tail probability G. For Ic = 1,2,. . . , we let 
X,=f:Dk, 
k=l 
It is assumed that the sequence X = (Xn, n = 1,2,. . . ) forms a renewal process with renewal 
function R, and renewal density m. For any functional f, we denote 
J%(f) = w I y > Yl 
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and the corresponding probability measure by pY. Define 
&(y, z, t) = 1=,(x1 I z, C 1. t> 
= P(X1 < z, TI I t I Xo = Y} 
= G(z - y)F(t) 
and 
&(Y&) = ri,{Xl E A, Tl It, XI < Y) 
= AQ(~,W $ 
J 
Forn=1,2,...,welet 
c$~, z, t) = -i;l{Xn I z, Tn I: t, Xn < Y) 
It is easily seen that 
n 
&/, A, t) = 
J 
&y, kt) 7. 
m4 
A H(Y) 
The Markov renewal kernels associated with Q and C$ are given by 
R(y,z,t) = ~G(Y,ZJ) 
n=O 
and 
For any LY 2 0, we let 
Qa(y, z)= irn eFatQ(y, z, 4, 
&(Y, z) = lrn e-at&b z,4, 
WY, z) = 
Jrn 
eeatR(y, z, dt), 
0 
cc 
RdY, z) = 
J 
ematll(y, z, dt). 
0 
It follows that 
Qa(y,z) = E [epaT1] 1” $$$ G(du - y) (1) 
and 
&(y, z) = 2 [E [esaR]]” i’ g Gn(du - y). 
n=O 
(2) 
For t > 0, let Nt and 2, be the number of shocks and the accumulated damage in the inter- 
val (0, t], respectively. It follows that, for each t 2 0, 
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For each damage level 2, we let ?z be the corresponding maintenance time. Then 
and 
To describe the damage process resulting from a maintenance policy rz, we define the killed 
process, 
The total damage process, over the interval [0, oo), resulting from such a policy, denoted by 8, 
is obtained by hitching processes of the type Z ^(l) together. It follows that the process 2 is a 
regenerative process with regeneration points being the times of successive replacement times. 
Abdel-Hameed [1,2] shows that in the cases where the damage process is a Levy process, 
and purejump Markov process, then among all replacement times (stopping times), the optimal 
stopping time is of the above form. In [3], he treats the optimal maintenance problem when the 
damage process is of the compound renewal type. 
In Section 2, we find the optimal maintenance policy using the total discountetiost over the 
infinite horizon. In Section 3, we discuss and find the optimal replacement policy using the long 
run average criteria. Readers can refer to [3] for proofs of the results in this paper. 
2. THE OPTIMAL MAINTENANCE POLICY USING 
THE TOTAL DISCOUNTED COST CRITERIA 
Assume the damage process and cost functionals described in Section 1. Let rp, C” be the 
sum of n independent copies of rz and C, respectively. The total discounted cost, starting at y, 
is given by 
where the last equation follows since the damage process is a regenerative process with regener- 
ation points {rg, n = 1,2, . . . }. 
t(2) = & [emaTzg* (,2$~)) ,r2. < (1 . 
It follows that 
t(z) = g*(y) + I%- &(Y&) pas”(~) -g’(4] . 
Y 
To find &[e-*“I, we take in equation (l), 
(3) 
g*(u) = w H(v)’ u 2 Y. 
Then 
Ijag* = E, [eeaT1] , 
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and it follows that 
Let 
hy [ewaTz] = l- (1-E [e-"T1])&(y,z). 
and define 
w(x) = 
[g*(x) - &g*(x)] _ c 
EY (1 - e-OTl) 
A = {x : v(x) 2 l&)}. 
Then we have the following theorem. 
(4 
THEOREM 2.1. Assume that A = [x0, co). Then the optimal replacement time that minimizes 
the total discounted cost over the infinite horizon is T%~. 
3. THE OPTIMAL MAINTENANCE USING 
THE LONG RUN AVERAGE CRITERIA 
Consider the damageprocess, and the cost of maintenance described in Section 1 above. From 
standard renewal theory, it follows that the long run average cost per a unit of time (denoted 
by l;(z)), using the replacement policy T,, is of the form 
(5) 
Furthermore, if G” is the nth convolution of G, then the renewal function corresponding to the 
renewal process T = (T,) is equal to R(z) = 1(x = 0) + G’(z) + G’(x) +. . . . For any function g, 
we define 4(x} = g(z) x I?( x , an ) d write E for Eo. Let D be the random variable describing the 
damage due to the first shock. Then by letting CY go to zero in equations (l),(2), 
&*M = Ei*(D + 2) B(z) ’ 
Qy, z) = lZ z R(du - y), 
THEOREM 3.1. For any CC 2 0, 
I z- E [$D + z) - G(z)] R(dz - Y) 
Ey [g(k), +z < Cl - g(y) = ’ 
R(Y) 
The proof of the following theorem follows from equation (4). 
THEOREM 3.2. For anyz 2 0, 
&z)R(dz - y) 
&I(%) = 
WY) 
Furthermore, letting g = 1, in Theorem 3.1, we get 
I 
O” E [H(z) - If(D + z)] R(dz - y) 
Py{Tz < I) = z 
R(Y) 
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Let 
4x) = a(,) XE[i*(x) -cj*(D+x)]. 
It follows that the optimal value of z that minimizes l;(z) is the solution of the equation 
Let 
THEOREM 3.3. Assume that A = [Q,, co). Then the optimal replacement time is T.,.~. 
A SPECIAL CASE. As a special case, we consider the case where g(s) = cl, where cl < c. From 
the last equation in (5), the long-run average cost per a unit of time I;(z) takes on the form 
A 
l;(x) = 
c&) - (c - cl) SW E [B(z) - B(D + z)] R(dz - y) 
I I 
s 
I (f-9 
R(Z)R(dZ - y) 
Y 
and 
u(z) = WC - 4 g(x) E [I+) - fi(D +x)] 
It follows that if H is IFR, then U(X) is increasing in z. Assume that 
1- lim E Lii-(’ + x)l O” j-J(y)R (dy) 2 ’ -. 2’M c - Cl 
Define 
v(x) = E [A(x) - ‘CD + x)1 
a4 s 
+- R(z)li(dz - y) + m E [i?!(z) - I7(D + z)] R(dz - y)]. (7) 
Y s 2 
The following theorem follows from the above. 
THEOREM 3.4. Assume that g = cl < c. Suppose that v is defined in equation (7), and define 
20 = inf 2 . v(z) > 
{ * [gq}. 
Then the optimal replacement policy is rzO. 
In the following examples, we assume, without loss of generality, that X0 = 0. 
EXAMPLE 3.1. Assume that g = cl < c. Let H(y) = I(z,W)(y). Then 
E[HP + Y)I = / &co, (u + Y)G (du) 
= qz - y), 
and 
Define 
v(x) = 1+ 
s 
= R(dy) [G(z - cc) - c(z - Y,] . 
0 
K(x) = 1’ R(dy) [c(z - x) - c(z - Y,] . 
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Then the optimal preventive maintenance level ze is given by 
20 = inf 5 : K(X) 1 - - 
{ 
44 1 
c - Cl I 
and the optimal maintenance time is rzO. As a special case, if A(y) = 1 for all y, then K(z) E 0, 
and x0 = oo. 
EXAMPLE 3.2. Assume that g = cl < c, and that the threshold has an exponential distribution; 
i.e., 
H(y) = 1 - exp(-ay). 
Then 
-qH(a + Y)) = 1 - =P(-aY)&(a), 
where 
It follows that 
s 
O” L,(a) = exp(-au) G (dzl). 
0 
?J(x) = 1 
and 
x0 = d ln (cCc1) . 
1 1 
EXAMPLE 3.3. A NUMERICAL EXAMPLE. Assume that each shock causes 1 or 2 units of damage 
with probabilities 2/3, l/3, respectively. The following table gives the optimal replacement level 
for different values of cl, cz, and the threshold distribution H(z) = x/50, 0 5 2 < 50. 
H(z) = ; 20 
Cl = 10, c2 = 20 37 
cl = 15, c2 = 25 40 
cl = 20, c2 = 30 42 
Cl = 30, c2 = 50 44 
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